










































Summary: Idealizing matter as a pressureless uid and representing its motion by
a peculiar{velocity eld superimposed on a homogeneous and isotropic Hubble expan-
sion, we apply (Lagrangian) spatial averaging to the (nonlinear) equations of Newtonian
cosmology and derive an exact, general equation for the evolution of the scale factor
a(t). We consider the eect of inhomogeneities on the average expansion and discuss
under which circumstances the standard description of the average motion in terms of
Friedmann's equation holds. We nd that this eect vanishes for spatially compact mod-
els if one averages over the whole space. For spatially innite inhomogeneous models
obeying the cosmological principle of large{scale isotropy and homogeneity, Friedmann
models may provide a good approximation to the average motion on the largest scales,
whereas for globally hierarchical models the general expansion equation shows how inho-
mogeneities might appreciably aect the expansion at all scales. An averaged vorticity
evolution law is also given. Since we employ spatial averaging, the problem of justifying
ensemble averaging does not arise. The eect discussed may have important conse-







1. Outline of the problem
Traditionally, cosmological models have been based on the assumption that, on
a suciently large scale, the Universe is isotropic and homogeneous. As long as
inhomogeneities are small and described as linear perturbations o a Friedmann
model which average to zero, this picture is consistent; by construction rather
than derivation the averaged variables are given by a Friedmann model. How-
ever, in the observed part of the Universe the matter inhomogeneities are not
small, and contemporary theories of structure formation follow the evolution
of inhomogeneities into the nonlinear regime, mostly in the framework of New-
tonian cosmology, either with analytical approximations or numerical N{body
simulations. Again, both methods to simulate nonlinear structure formation
are constructed in such a way that the average ow obeys the homogeneous and
isotropic Friedmann models.
Basic, nontrivial questions which are usually not even raised in the tradi-
tional approach are, whether and how a general anisotropic and inhomogeneous
solution can be split into an isotropic and homogeneous average eld and de-
viations thereof and whether, if so, the average variables obey Friedmann's
equation. Because of the nonlinearity of Einstein's as well as Newton's laws for
gravitationally interacting systems, the answers to the last questions are not
obvious, as has been emphasized particularly by Ellis (1984).
In contemporary models of structure formation the time{ and length{scales
as well as the amplitude of the initial uctuations are expressed in terms of
quantities of their assumed Friedmann backgrounds such as a(t), H(t), 
(t),
etc. . Observational data for these parameters are interpreted accordingly. This
procedure which rules a variety of problems in structure formation theories (like
the question whether nonbaryonic dark matter is needed to explain present day
structure) excludes by assumption all inhomogeneous models which do not obey
Friedmann's equations if averaged on some large scale, even those which are
kinematically isotropic and homogeneous.
In General Relativity, the problem of averaging is very involved because
(i) in a generic spacetime there are no preferred time{slices one could average
over. (It should even be dicult to recognize a Friedmann model as such if one
were given a complicated slice of it.) (ii) the metric is a dynamical variable
entering the eld equation nonlinearly, and it is dicult to average (or instead
deform, see Carfora and Marzuoli 1988, Carfora et al. 1990) it, (iii) a gauge
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problem arises in relating the \true" and the averaged metric. Indications that
the \backreaction" of inhomogeneities on the global expansion may have impor-
tant consequences for the structure formation process have been put forward by
Futamase (1989, 1995), Bildhauer (1990) and Bildhauer & Futamase (1991a,b)
who have calculated the \backreaction" eect quantitatively based on pertur-
bative calculations. In particular, they found that the expansion is accelerated
signicantly where inhomogeneities form. Recently, renormalization group tech-
niques in relation to the averaging problem have been advanced by Carfora and
Piotrkowska (1995) who investigated in detail the connection between (spatial)
manifold deformations and spatial averaging at one instant.
In this paper we address the problem of the eect of nonlinear inhomo-
geneities on the average expansion in Newtonian cosmology where it can be
treated without uncontrolled approximations. This provides straightforward in-
sight and some answers which are indicative also for the GR{case and uncovers
possible limitations of current cosmological models.
2. Averages in Newtonian Cosmology
According to Newtonian physics, the motion of a self{gravitating, pressureless
uid (\dust") is governed by the Euler{Poisson system of equations. Thus, with
respect to a non{rotating Eulerian coordinate system
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the elds of mass density




~v =  (~v  r)~v + ~g ; (1a)
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r  ~g =   4G ; (1d)
where  denotes the cosmological constant, here included for the sake of gener-
ality.
It is useful to introduce the rates of expansion  = r  ~v, shear  = (
ij
)
and rotation ~! =
1
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= 0 ; (2a)
1
notes are given at the end of the paper.
* a comma denotes partial dierentiation with respect to Eulerian coordinates; we
adopt the summation convention.
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denote the (Euclidean) spatial metric
and its volume form (Levi{Civita tensor), respectively. In contrast to ~v, the
tensor elds ,  and ~! are independent of the (non{rotating) coordinate system;
~v can be reconstructed from ,  and ~! up to a spatially constant summand.







+ ~v  r, we
may replace the system (1) by the equivalent system (2) consisting of eq. (2a)
and the transport equations
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~! +   ~! ; (2c)
_










for %, ~! and , in which  and ! denote the magnitudes of shear and rotation,
respectively:



















((1) is equivalent to (2) as a system for % and ~v. In fact, if (1a) is taken to dene
~g in terms of ~v, then (1c), (2c) and (1d), (2d); (1b), (2b) is obvious.)







X 7! ~x denote the mapping which takes initial positions
~
X of uid
particles at time t
0










X; t) be the eld of trajectories on which the Lagrangian description






















J = J ; (3)
and the \comoving" volume V (t) =: a
3
D
















































xA denotes the spatial average of a
(spatial) tensor eld A on the domain D(t) occupied by the amount of uid con-
sidered, and a
D
(t) is the scale factor of that domain. Suppressing temporarily





A >=< A >   < A ><  > : (5)
























(3) and (4) gives (5).)




=   < % ><  > ; (6)
< ~! >
.
=< ~!  r~v >   < ~! ><  > ; (7)
<  >
.









>   < 
2
>) ; (8)
where we have also used eq. (2a).
In terms of the scale factor a, eq. (6) says that a
3
< % >=: M is the
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Eq. (9) shows that the formation of structures (increasing shear) has an accel-
erating eect on the overall expansion, while increasing vorticity tends to slow
it down.
From eq. (7) we conclude that
< ~! >=
~
0 ) < ~!  r~v >=
~
0 : (10a)
The converse only holds asymptotically for positive average expansion:
if < ~!  r~v >=
~
0, then















The equations (6){(9) hold for any part of any pressureless uid.
We want to apply the foregoing results to a large, typical part of a cosmo-
logical model. For this purpose we split the velocity eld into a Hubble ow and
a peculiar{velocity ~u. Recall that a Hubble ow can be characterized as having
vanishing rates of shear and rotation and a spatially constant rate of expansion
















H(t) then depends, of course, on the choice of the averaging region D. Eqs.
(11a) and (2a) imply
 = 3H +r  ~u : (12)
From eqs. (11a), (12) and (2a) we get by a little computation an expression for
















+ 4Hr  ~u+r  (~ur  ~u  ~u  r~u) : (13)



















dS  (~ur  ~u  ~u  r~u) ; (14)
where we have reinserted the indexD to exhibit the dependence on the comoving
domain chosen, and we have applied Gau's theorem to transform the volume
integral in the average to a surface integral over the boundary @D of the domain.
We note that the averaged Helmholtz vorticity equation (7) can similarly be





















+ 2H < ~! >
D
=< ~!  r~u >
D








dS  ~u : (16)
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(Olson & Sachs (1973) have derived an evolution equation for < !
2
>.)
We emphasize that, given a solution (%;~v) of the basic equations (1), the
terms in eqs. (12){(16) depend on the choice of an \initial" domain D(t
0
) and
a choice of a Hubble function H(t).
So far, all equations refer to a single non{rotating, rectangular Eulerian
coordinate system x
a
. This description is possible if space is assumed to be the
standard Euclidean IR
3
. However, we wish to consider also spatially compact
Newtonian models as dened and analyzed in (Brauer et al. 1994). As shown
there, space can then be considered without loss of generality as a torus T
3
,
which cannot be covered by a single coordinate system. It is important (espe-
cially for subsection 3.1) that nevertheless the eqs. (14){(16) remain valid for
such models as intrinsic, coordinate{free relations for any compact, orientable
domain D(t
0
) and its evolution D(t), provided the models admit a Hubble ow.
The reason is that, although the inhomogeneous uid motion (locally given by
~v) as well as the Hubble ow cannot be described globally by smooth vector
elds on the torus
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, the peculiar{velocity ~u, being the relative velocity of those
two motions, is a smooth, global 3 vector eld on T
3
.
3. Interpretation for dierent cosmologies
Let us now assume that the Hubble ow represents the mean motion on some
scale and, correspondingly, that the peculiar{velocity eld ~u represents the inho-
mogeneous ow. Eq. (14) then shows how this eld ~u determines the deviation
of the expansion, on the scale a
D
, from Friedmann's law. The \perturbing
terms" are quadratic in ~u, so their eect does not show up in (Eulerian) linear
approximation, but in general it is nonzero (even for isotropic expansion); a
similar remark applies to eq. (16).
We now consider three theoretically possible cosmologies.
3.1. Spatially compact cosmologies
These models with a closed (i.e., compact without boundary) 3{space admit
either none or exactly one (global) Hubble ow, for the existence of such a ow




case we may choose the compact domain D(t) to be the whole space. Then,









   = 0 ; < ~! >=
~
0 ; < ~!  r~u >=
~
0 : (17)
(Here we have used that ~u is globally well{dened.)
For inhomogeneous models based on such Friedmann backgrounds Brauer
et al. (loc.cit.) have established some exact qualitative results, and in (Ehlers &
Buchert 1995) we develop a perturbation scheme the terms of which are well{
dened to arbitrary order and are uniquely determined by initial data; that
scheme is also useful for numerical work.
Toroidal models are, in eect, used in all current structure formation sim-
ulations, since they employ periodic boundary conditions for the density and
peculiar{velocity elds on some large scale. As we have just shown, such (New-
tonian) models can always be regarded as nite perturbations of Friedmann
models. The perturbations, whether small or large, cannot inuence the overall
expansion.
3.2. Cosmologies based on the principle of
`large{scale homogeneity and isotropy'
If we take space to be innite Euclidean IR
3
, we can assume the boundary term





. This may be the case if the inhomogeneities
are substantially smaller than the size a
D
of the averaging domain and if their
peculiar{velocities are small on the averaging scale (e.g., j~uj << a
D
H); it cor-
responds to the cosmological principle of `statistical homogeneity and isotropy'.
Then, the average motion may be approximately given by a Friedmann model on
a scale which is considerably larger than the largest existing inhomogeneities.
3.3. Hierarchical cosmologies
Observational evidence for structures on scales of hundreds of Megaparsecs indi-
cates that the scale, on which it is meaningful to close the universe topologically
(cf. 3.1), is certainly not reached by current observed samples of the Universe;
power spectrum estimates of the density contrast show a negative slope close to
the limit of the deepest available surveys. However, the COBE microwave back-
ground measurement suggests that the spectrum bends over to positive slopes
8
on larger scales, supporting the assumption of large{scale homogeneity. Thus,
if the COBE measurement is indeed a detection of primordial density uctua-
tions, then (up to the cosmic variance of this measurement) we could rely on
Friedmann models for the average ow on the largest scales.
The expansion law (14), however, indicates that Friedmann's law may be
appreciably modied by source terms: averaging on dierent spatial scales yields
contributions to it which { even for large{scale homogeneity and isotropy { will
become negligible only on the largest scales. Then, global values of, e.g., the
Hubble constant and the density parameter are only related to the Friedmann
parameters on that scale where the surface integrals in (14) { (16) give negligible
contributions.
The extreme opposite, a (globally) hierarchical cosmology, where the spec-
trum of uctuations continues to rise on large scales, could only be treated by
including the source terms. Then, the average ow will evolve into an anisotropic
and (after development of multi{streaming) rotational ow, in spite of isotropic
and irrotational initial data.
Notes:
1) For spatially unboundedmass distributions there are no inertial coordinate systems
related by Galilean transformations. Instead, the preferred coordinate systems
(t; x
a


















denotes a constant rotation matrix and d
a
0
(t) represents a translation
depending arbitrarily on time t. The basic equations (1) are covariant with respect
to these transformations, provided %, ~v and ~g are transformed in the obvious way.
These coordinate systems are called (dynamically) non{rotating, since with respect
to them, no Coriolis forces occur (Heckmann and Schucking 1955,56).
2) We call eqs. (2) transport equations since they describe how %, ~!,  change along a
uid trajectory. In Lagrangian coordinates (t;
~




3) The assumption of homogeneous{isotropic turbulence employed by Olson & Sachs
(1973) imposes from the start a strong restriction which excludes the relevant terms
discussed here. Also, they use ensemble averaging instead of spatial averaging. Of
9
course, statistical statements for spatial averages can be investigated by averaging
over statistical ensembles of spatial domains D centered at random points in space.
4) This assumption implies that we require < r  ~u > to vanish on the averaging
domain. A weaker assumption is to require < r  ~u >= 0 only on the largest








could be interpreted as the value of Hubble's constant as measured on
smaller scales (after averaging over statistical ensembles of spatial domains). The
inhomogeneous term on the r.h.s. of eq. (14) would then contain additionally a
surface integral of the ux of ~u through the boundary @D, thus giving rise to an
inuence on the average expansion even in the linear regime. Since a
D
is dened via
the volume, it could be interpreted also as an \eective" scale factor of a possibly
anisotropically expanding domain.
5) Suppose the torus expands uniformly without rotation. Then, the eld of velocities
relative to an arbitrary pointP has the standard Hubble form in the neighbourhood
of P. Now, visualize the torus as a cube with points in similar positions on opposite
faces identied. Then, as the gure illustrates in two dimensions, the Hubble
velocity relative to P has dierent values at pointsQ,Q
0
which are to be identied.
This shows that the Hubble ow cannot be described globally by one velocity eld.
The same holds for the velocity eld of an arbitrary uid motion, referred to P.
However, the dierence of two velocity elds is independent of a chosen reference





6) While in Euclidean space a Hubble ow can always be introduced as a reference
motion, even with an arbitrarily chosen Hubble function H(t), a model with a
toroidal space admits either exactly one or no Hubble ow. The reason is that a
toroidal space has closed geodesics which dene preferred directions, and a Hubble
ow exists if and only if (i) these do not rotate relative to a non{rotating coordinate
system (see note 1), and (ii) the relative rates of expansion of all closed geodesics
are equal; the Hubble ow then necessarily obeys (11b) as follows by integrating
(12) over the torus. For simplicity we here consider only those toroidal models
which do admit a Hubble ow. A generalization to arbitrary toroidal models is
possible, but then additional terms due to average shear and rotation appear in
the averaged Raychaudhuri equation (see eq. (2.15) of Brauer et al. loc.cit.).
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